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ABSTRACT

In order to study the propagation of pressure waves in the semicircular
canals, a single canal is modeled as an elastic toroid located inside a rigid
toroidal channel. The elastic toroid is filled with incompressible, inviscid
fluid, and similar fluid fills the space between the elastic toroid and the rigid
channel.

First, the system is studied using the potential flow equations to describe
the motion of the fluids, and the membrane equation to describe the behavior of
the elastic toroid. It is found that the equations of motion can be solved only by
a great volume of numerical computation, an effort probably unwarranted since
there is as yet no confirmation of the assumptions incorporated in the equations.

Therefore it has been decided to formulate the problem in a more
approximate mamner, so that solutions could be obtained with less numerical
effort. The classical Moens-Korteweg equation for pressure wave propagation
in a straight circular cylinder is extended to the fluid-filled and immersed elastic
toroid inside a rigid toroidal channel. The solutions (wave speeds and mode
shapes as a function of frequency) are easily obtained. There is a nondispersive
mode, corresponding to the breathing motion in a straight cylinder, and a linéarly
dispersive mode, involving mainly flexure of the tube axis in its own plane.
Experiments show, however, that these results are inadequate, and more accu-
rate equations of motion are required. |

The Moens~Korteweg equations are improved by considering the effects
of the mass of the elastic shell and by retaining the shear behavior in the
equations of motion. With these refinements, a third mode appears, and the
other two modes are significantly changed. The flexural mode is still normally
dispersive, but is no longer linearly so. The breathing mode is anomalously
dispersive at low frequencies but remains nondispersive at higher frequencies.
The third mode, which is at the highest speed, consists mainly of extensional
deformations of the elastic shell. It is nondispersive above low frequencies.

Mode shapes are worked out as functions of the geometric parameters
of the toroids. It is found that in-plane motion of the tube axis dominates the

iv



flexural modes, changes in the cross-sectional diameter of the tibe and motion
of the fluid dominate the breathing mode, and axial displacement of the tube
wall dominates the extensional mode.

Experimental data is available for wave speeds in a fluid-filled toroidal
shell without the exterior fluid or rigid channel. Comparison with the present
theory for the same configuration confirms the general shape of all three modes,
and agrees with the numerical values to 20%, often to better than 10%.

Some of the findings of this study are expected to be useful in a theoretical
analysis of the wave transmission properties of the aortic arch and of its effects
on the shape of the natural pulse wave generated by the heart.
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I. INTRODUCTION

Engineering analyses of the human physiology are important for at
least two reasons. First, the foreign environment of space flight subjects the
human organism to conditions unprecedented and in many cases impossible to
simulate on the surface of the earth. The prediction of man's response would
be aided by a deeper, quantitative understanding of the fundamental principles
of operation of the various organs than is provided by clinical and other qualita-
tive approaches. Second, and perhaps more important, is the necessity for
developing accurate mathematical models of organ functions, not only for
diagnosis and treatment but also for the design of artificial organs.

This investigation is concerned with some aspects of the mechanical
behavior of the semicircular canals, the portions of the vestibular apparatus,
in the inner ear of higher vertebrates, which are the end organs responsible for
the sensation of angular accelerations. By way of introduction, the anatomy
and physiology of the human semicircular canals will be very briefly outlined,
previous studies of their dynamics will be mentioned, and the goals and objec-
tives of this study will be set forth.

A. Anatomy and Physiology

The inner ear contains the cochlea, a hearing receptor, and the
vestibular apparatus, a sensor for linear and angular accelerations (Figs. 1-1to
1-6). It is known that the vestibular apparatus is sensitive to low-frequency
motions while the cochlea responds to high frequency signals. However, it has
not yet been established whether this behavior is due to the mechanical and
physical properties of the end organs or to the characteristics of the sensory
nerves and the central nervous system.

There are three semicircular canals in each ear, lying approximately
in mutually orthogonal planes. Each is actually more nearly three-quarters of
a circle., The remaining quarter circle includes the ampulla and a portion of the
utricle. The ampulla has a larger cross section than the canal itself and con-
tains the sensory nerve cells. The utricle connects through a very small duct
with the saccule, which in turn joins the cochlea through another small channel.
All these structures are made of a membranous material and are filled with a
fluid called endolymph.



The entire membranous structure is suspended inside a similarly-
shaped fluid-filled channel in the temporal bone of the skull. The fluid between
the membrane and the bone is referred to as perilymph.

Each of the canals and its ampulla constitutes an anguiar acceleration
sensor. The canals are made up of membranous and bony canals, perilymph,
and endolymph. The ampulla contains a gelatinous protrusion called the cupula,
which is attached at its base to the crista containing the sensory hairs. These
hairs emerge from nerve cells which discharge at a rate depending on the
deflection of the hair cells from their undisturbed position.

Qualitatively, the operation of the canals is easily explained. An
angular acceleration of the head forces the membranous canal, which is attached
to the bone by thread-like fibers, to accelerate in similar fashion. If the angular
acceleration vector has a component perpendicular to the plane of any particular
canal, the fluid's inertia will cause its motion to lag behind that of the membran-
ous and bony material. This relative motion of the fluid with respect to the head
deflects the cupula and its hair cells and changes the rate of firing of the nerve
cells, which is interpreted as angular acceleration. Since there are three canals
in mutually near-perpendicular planes any angular acceleration vector direction
in space can be detected.

It should be mentioned that, with current techniques, direct measure-
ment of the fluid motions or nerve firing rates in humans is impossible. Experi-
menters must use indirect methods, such as asking the subject whether he feels
any angular acceleration, or measuring nystagmus, the involuntary eye motions
associated with sensed angular velocity., Thus the canal response is filtered
through the central nervous system and perhaps some output nerves and muscles
(Fig. 1-7) before it can be measured.
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The Vestibular Apparatus of Man

Fig. 1-6.
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B. Previous 'Work

Studies of the dynamics of the semicircular canals date from about
193010), Early work, and until recently all work, assumed that the canals
responded like overdamped torsion pendula to angular accelerations. That is,
the canals' response to an angular acceleration step was the sum of two damped
exponentials, with initial amplitudes such as to match the initial conditions of
the problem. Empirical determination of coefficients produced a good fit to the
general behavior of nystagmus or subjective sensation of angular acceleration,
but there are obvious drawbacks to-this approach. The model represents the
entire system, consisting of the canals, cupula, sensory neurons, neural paths,
central nervous system, and muscles of the eye. It is obviously oversimplified
and somewhat empirical, and therefore can hardly be expected to give insight
into the basic physical processes taking place in the end organ.

Recently steer(®8has performed an engineering analysis of the mechani-
cal behavior of the semicircular canals. He solved the Navier~Stokes equations
for the flow of the endolymph assuming that the membranous canals behave like
perfect rigid toroids. He also approximated the effects of the ampulla on the
dynamic response of the canals. The results of Steer's approximate analysis

also suggest that the cupula-endolymph system behaves like a damped torsion
pendulum.

C. Goals and Objectives

The present investigation is a part of a continuing effort to achieve an

understanding of the mechanical behavior of the semicircular canals, represented
by the first block in Figure 1-7. Our analysis is based on a mathematical model
which takes into account the elasticity of the membranous canals but neglects the
effects of the viscosity of the labyrinthine fluids. As such it is the first attempt
to analyze the interaction of endolymph, perilymph, and an elastic membranous
canal wall.

For a number of different theoretical models, the free vibrations and
wave transmission characteristics of the semicircular canals are studied by
deriving and solving the corresponding linearized equations of motion.

First, the basic solutions to the potential flow equations in terms of
toroidal coordinates are reviewed. In order to satisfy the boundary conditions,

it is found that for each eigenvibration the mode shapes must be expressed as an
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infinite series of the basic potential flow solutions. The determination of natural
frequencies and mode shapes in this situation requires a massive numerical
effort which is not warranted at present in view of the uncertainties about the
validity of the basic assumptions.

‘ Next, the classical Moens-Korteweg equation for the propagation of
distension waves in straight elastic eylinders is adapted fo toroids. The equa-
tions are derived and solved, but on the basis of simple experiments the results
were found to be inaccurate.

Finally, the Moens-Korteweg approach is replaced by a more refined
engineering analysis, whose results are in reasonably good agreement with
experimental data obtained from laboratory models.

Yet to be considered are the effects produced by fluid viscosity, the
presence of the ampulla, the nature of the suspension of the membranous canal

in the bony canal, and by the interaction among the three canals and the utricle.
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II. POTENTIAL FLOW ANALYSIS

One semicircular canal, not including the ampulla or any portion of the
utricle, is approximated as a toroidal elastic membrane inside a rigid toroidal
wall (for the moment we ignore the»question of whether one toroid is centered
inside the other). The fluid inside the membrane (endolymph) is referred to as
the inner fluid; that between the membrane and the wall (perilymph) is the outer
fluid. The two fluids are assumed to be incompressible and inviscid, but may
have different densities.

The attempted method of solution is analogous to the linearized theory
used in Ref. 1. For irrotational flow the motions of the fluids are governed by
the Laplace equation for the velocity potentials of the fluids. The motions also
must be compatible with the kinematic boundary conditions requiring the fluid
velocity to match the membrane or wall velocity at the interfaces. The dynamic
boundary condition to be satisfied is simply the equation of motion of the mem~
brane. By linearizing the Euler equation the fluid pressure can be written as a
function of the velocity potential.

Next the known solutions to the Laplace equations in the appropriate
coordinates are given and some of the free parameters of the solutions are
determined by satisfying the kinematic boundary conditions. Presumably there
are an infinity of such solutions, which are the velocity potentials corresponding
to the possible modes of fluid motion. These solutions define a class of membrane
motions and pressure variations which, in general, are only compatible with the
dynamic boundary conditions for certain frequencies at a given wavelength.

A. Equations of Motion

Fig. 2-1. Toroidal Membrane Inside Rigid Toroidal Channel

12



The tube radii of the elastic toroidal membrane and the rigid channel
are a and 7 respectively. p; and p, represent the pressures of the
inner and outer fluids; f j and e are their densities. _/o w is the density
of the membrane material and h its thickness. w is the displacement of
the membrane normal to its equilibrium surface (positive outward). $ and ¥
are the velocity potentials of the interior and exterior fluids.

The two equations of fluid motion are simply the continuity equations for
the two fluids, div V=0 . with V=V for the inner fluid and v¥ for the
outer fluid, the continuity equations assume the classical form

v*¢=0 @-1)
v*¥ =0 (@-2)
The kinematic boundary condition at the rigid wall is
v¥-u.l =o (2-3)
where a,, is the outward normal to the surface. At the membrane,
- ow
vl &l = 3% @-4)
a
— aW 2-5
V‘E v - (2-3)
a

Here, as part of the linearization process, the boundary condition is enforced at
the undeformed surface, r = a, instead of at r= a + w; the normal direction
is also assumed to vary insignificantly as w changes.

The dynamic boundary condition is the membrane equation:

JELIT PR hgjl (2-6)
Ap =R, R, AREE S

Here Ry and Ry are the principal radii of curvature at any point on the mem-
brane; T; and T, are the tensions (stress x thickness) at that point in the
Ry and R, directions. Ap is the pressure difference p; - Py at that point.

The pressures are evaluated from the linearized Euler equations

2%

P, = Pwo ~fi3¢ @-7
QY

Pe ™ Peo -—ﬁe -a-_-e- (2-8)

pPjo and Pgo 2are the equilibrium inside and outside pressures.
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B. Coordinate Systems

We must now specify exactly how the elastic and rigid toroids are located
with respect to each other. Two different systems are considered.

In concentric coordinates, the toroid of radius a is centered within the
toroid of radius 2" ; this system is convenient for differential geometry. In non-
concentric coordinates the smaller toroid is not centered within the larger one; the
Laplace equation has a known solution in this system.

1. Concentric Coordinates

z z

-~ Fig. 2-3. Cross-section
of Toroid

Fig. 2-2. Concentric Coordinate
System

The curvilinear axis on which the cross-sections are centered is a circle
in the xy plane with its center at the origin and with radius R (R is referred to
as the ring radius). The cross-sections of the toroids are independent of @ and
have radii a and 7' (these are referred to as the tube radii). (See Fig. 2-2.)
The angles ¢ and € are defined in Fig. 2-3. Displacement components of a
point on the surface of the toroid are u (in the 6 direction), v (inthe ¢ direc-
tion), and w (radially outward from the center of the cross-section). These
displacements are functions of @ and ¢ .

The coordinates of any point on the shell, when u=v=w=20, are

x = Rcos® + a sin¢ cosO
y = Rsin® + a sin¢ sin
7z = acos ¢

for the inner shell. Replace a with 2 for the outer shell.

14



When displacements are permitted,
x=Rcos® +asingd cos® +wsind cos® +vcose cos@ -using

y=Rsin® +asing sin®@ +wsing siné +vcosP siné +ucosé

z=acos® +wcos¢ -~ vsing
z
2. Nonconcentric Coordinates
= -~
N A = constant
\
\
\
1
1
Y : 7 )’
(2] = /u- constant
d
%
Fig. 2-4, Fig. 2-5.
Nonconcentric Coordinate Cross-section
System of Torus

A toroidal surface is defined by w = constant in the equations

< =d sinh/u cos 8 y=d sinh w sin @ d sinfq

cosh/u - cos 4 cosh/u - cos 7 - cosh/u- ~co05 "]

With © = const, the surfaces M = const are circles in the plane determined
by the Z axis and © = const. As HA—ro= the circles become smaller and
finally vanish at a point a distance d from the Z axis. As . —>O , the
circles grow without limit and their centers move infinitely far away from
the Z axis. In general, each circle is centered at a distance decoth M and
has radius d esch 2

The surfaces # = const are spheres centered on the Z axis. They
intersect each of the M = const surfaces at right angles, and so must pass
through the point representing Poamdad Projected onto a & = const plane,
M = const and 4 = const form families of mutually orthogonal circles.
In these coordinates, the previously defined displacement components u, v, and w
are in the directions of increasing & , increasing % , and decreasing Vi
respectively (Fig. 2-6).

15



/1 = constant

M = constant

Fig. 2-6.

Curves of Constant
Parameters

C. Differential Geometry of Deformed Torus

The membrane equation (Eq. 2-1) involves Ry and Ry, the principal
radii of curvature of the membrane. This section investigates the determination
of these quantities for a toroidal surface in concentric coordinates.

1. General Equations (Ref. 4)

Let the equation of a point on the surface be

X = fl(ul,uz,us)'ﬁx + fz(ul,uz,u:;)‘ﬁ'y + f3(uy, U, Ug) U,

where uy and u, are the two coordinate quantities on the surface and ﬁx, —USI’
and sz are unit vectors in the cartesian x, y, and z directions. For example,
for the toroid in its equilibrium state:

f; = Rcos® + asiné cose

f, = Rsiné + asing siné

f3 = acosé¢

u =¢, u, = 6

Letting the curvatures K, be the reciprocals of the radii R,(n=1,2),
the principal curvatures at any point on the surface are the roots of

K2 - 2HK, +K = 0 (2-9)
The quantities K and H are called the Gaussian and mean curvatures and are
2
Py1 byy - (by9)

K = >
811 822 ~ (812)

b1y bjg  bag

811 812 822

16



The bij and g;; are defined from X and its derivatives, using the unit

normal vector T A% < %
s Su, * 3y
9% X
‘au'l X auz
X 3% X
LE et B L m 2o, 2R s 2
bw du; du; n g‘d dU; - du; t L,

Clearly bij = bji and Bij = 8ji
If and only if byg = g9 = 0, the coordinate curves in the surface

(u; = const and u, = const) are lines of principal curvature. In this case,
the roots of Eq. (2-9) are

b b
11 K__ZZ

Ky = =
17 2 8o
2. Toroid in Equilibrium Condition
Let us determine the radii of curvature of a toroid in concentric

coordinates with u=v=w=20

X = (Rcose-l-as'\nt#cose)fz,( + (Rsind + asindsing) D:, +acosg Ly

ox

06 = (R sin@ ~asinpsin®) iy + (Rcos & + asingd cos &) &y,
a; el -

g “(acosdcos@) Uy + (acoshpsin®)@y, —a sind Uy

3

A= ~L(Rasindcos@ +a*sin*écos8) Ly +(Rasingdsind+ -‘sm“#;ina)ﬁ,

4+ (Ra cosd +atsingcosg) Wy ]/ a(R+ asing)

17



w-(35) -

- gi . -é-—x‘— -3
gﬂ. ae a¢ o

= 1\2
g2m (35) = (Rracingy?

YT -(asindcos®)idy - (a sin¢sin9)ﬁy ~(acosp) U g

2
823; = —(a cospsin@) L, +(acospcosB)iL,

der = -(R+a sin¢)cos9'&'x - (R +asing) sind® :2,

b, = 'a(R+.asin¢) = -a
R+ asing

b -(R +asing)* sing
22 R+ asind

= -(R + asingd)sing

The coordinate directions are principal directions and

K= 2 = - ..%.._ in the ¢ direction
K, = ‘(R:'R:—‘::i);)i:é - - ‘R_?E.{z—n{ in the & direction

18



3. Toroidwith u=v=0 and w=w (8)

This surface has circular cross-section at all points, with radius a + w
and with the circle centered on the original axis (in the z = 0 plane a distance R

from the origin).

Fig. 2-8.
Sketch of w = w (0)

Using the notation w' = dw/dé , w" = d?w/d62 we can write

xi

= (acosd+wcosd)cos @ U, + (acosd+ wcosé) sindiL,

QJIQJ
-+

~-(asing + wsind’)z‘(,%

X}

%?= [-(R+asingd +wsind) sin® + w'sindcos® ] &,
+ [(R+asind rwsind) cos & + w'sinvssine]&'y + wicosed L s

g“=(a+w)2; .= O3 g22=(R*\-asi|~.4>-0-wsiﬂ4a)"+(w')z

A= i[(a+w)2sinz¢ cos@+ Rla+w) sindcos@ + w'(a+w)sin@] U,
+ L(a+w)’sin*$sin@+ R(a+w) sindsind - w'(a+ w)cos 8 1 &,

+ [(a+ w)?sing cos é + R(a+w) cosé] "(Z;}/ {(a-l-w)[(Ri-(a-l- w)sing)?+ (w)? ] yz}

2,
g‘;?? = -(asing+ wsing)cos 8H, - (asing + wsind)sin@, - (acosd+wecosd) Ly,

2
J % [-(acosd +wcosp)singd + wicospcos 81U,

2438 ©

+C(acosé + wecosd)cos® + wicosé sinej ZZY ~ w'siné Cz*
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9% X

6% = [-(R+asing +wsinp)cos® -2 w'sindsin®@ + wising cos & ] Tex

+[-(R+asinp+wsing )sin@+2w'sindcos® +w'sindsinOl L, + w'cospil 5

= ~Ca+rw)a+wsine +R)
L4 R+ (a+w)sindd*+ (w)2]™

“ E ~(a+w) for YW'"|4< |R+a sindl

b,=0

1} )

{£R+(a+w)sm¢]w —CR+(a+w)sm4>J sing - 2(w')? smﬁ}
C{R+(arw)singP?e (w)2 172

Then K, = = -(R-u—as;mi#-bwﬁmﬁ) g _ 1
gu [{R+ (avrwisindi?+ (w)2] 2 arw
K, = bz = - sin & + w' ~ ~sing
€2a R+ (arw)siné CR+(a+w)singl? R+ (a+tw)sing

These values can be rewritten in the nonconcentric toroidal coordinates by
using the transformations given in section B:

K o= - o=

a+w

Rz

Kz = —SH"IIL

Rcos'l+(a+w)sian
w[ “°“’l]
[.Z_ Rc.os'z-l-(a-n-w)smrz’ -1 ]

It would be possible to derive curvatures for other types of deformation,
most importantly for w as a function of ¢ and @ ; but the algebra becomes
extremely involved when the coordinate curves are no longer lines of principal
curvature. Further, the membrane equation then becomes much more compli-
cated and the solution of Laplace's equation more difficult.
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D. The Membrane Equation

We next derive expressions for the principal tensions T, and Ty for
the two cases whose differential geometry has been discussed: u=v=w=0
andu=v=0, w=w(&).

The membrane equation was given in section A as:

T T, dtw
Ap=p -Pe = R + R *LuhTET

where
p; = internal pressure
Pe = external pressure
Ry,R, = principal radii of curvature
Ty,T, = tensions (stress x thickness) in these directions
P w = membrane density
h = membrane thickness

w = membrane displacement (normal to surface)

1. Equilibrium Configuration
In the equilibrium configuration (w= 0) we have

T, T
Pi-Pe =R + W, = TK + TuK, (2-10)
where the curvatures K are the reciprocals of the radii R.
From section C, K, (inthe ¢ direction) is -1/a, and K, (inthe &
direction) is - sin ¢ /(R + a sin ¢ ) and therefore
) _ _T_l_ ) T2 sin ¢
P; = Pe = a R+a sin ¢
At ¢ =0 or 7 , wehave sin¢é =0 and Ty = -a(p; - pg). It is now clear
that the sign convention in the membrane equation is the reverse of the one used
in the differential geometry derivation. We will therefore reverse the signs on
Ky and K, from section C:

T T, sind
Pi = Pe = 3+ Ri— asing T, (¢ =0) = alp; - pe) (2-11)

We need one more equation to be able to solve for Ty and T2’ This is
obtained by formulating the equilibrium in the ¢ direction of a small segment of
shell.
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df
T, (é)

T (é+dé)

Ta
Fig. 2-9. Illustration of Shell Segment

First a portion of torus between & 1 and €5 is removed. Then the segment
of this portion between ¢ and ¢ +d¢ isisolated. Ty and Ty vary with ¢ ;
neither varies with & . Note that the two sides on which T, is acting are,

in general, not parallel.

T, ()
I\
T
2 T, dl
(s 4 44
P
ln(qba-dqb) % (ds, - dS))

Fig. 2-10. Equilibrium of Shell Segment

Equilibrium in the ¢ direction requires

T,(¢)ds, - T, (p+dé)ds, + 2T, dlcosx = 0
with df =ad¢ , dsy=(R+asing ) dO (sincethe ds; lineisa
distance R +a siné from the z axis), ds, = [R+asin(¢ +de¢)]de ,

and +(ds, - ds,)
dL

cos K =

By using the relation

sin(p+dd) ¥ sing+ d_;;_‘t_ dé¢ = sind +cospdg
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the equilibrium equation becomes, to first order,

dT, (T, - T,)acos ¢

= 2-12
de R+ asiné ( )
Tl R + a siné
We isolate T, from Eq. (2-11) as Ty = (Ap - '3_) ~=me and
substitute into (2-12) to obtain
daT. L TAY T,acosé [FH- asing ] _
d¢ = sing cos¢ = R+ a sing a sing + 1 (2 13)
which can be rewritten
acosé R+ asing _ cos ¢ _
dTy + R+ asind asing + 1] T‘dd’ = albp sin & dé (2-14)

This equation has the form of the classical first-order linear non-homogeneous
differential equation (Ref. 6)

dy + P(x)y dx = Q(x)dx
whose solution is

§ P00 dx (x)d
ye P = gQ(x)eKPx " dx + C

In the notation of Eq. (2-14),

(podde = (cosdde  (acosddd oy iyt iog(Reasing)

sing R+ asing

gp(x)dx
e % sind{R + asing)

The solution of Eq. (2-14) is then

T, sing (R + asinegd) = gaAp%’nif- sing(R+ asind)dé + C

= APf(masmqs) d(R+asing) + C = éili(n+asin¢)‘+ c

Ap R+ asing C
2 siné + (R+ asing) sing
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The boundary condition, as before, is T (# =0) = aAp.

o1 Ap . c . 1 | Aap L
T\ T sing [2. (R+asing) + Fasind’]: sinds[ 2 R + R
This cannot be finite unless the term in the brackets is zero. Let us see
what happens in this case (¢ = - Ap R%/2):

T, = Ap R+asing _ Ap R = abp 2R+asing
2 sin¢ 2 sing (R+asing) 2 R+asing

Fortunately this meets the requirement that T; (¢ =0) = aAp. We can now
substitute T, back into Eq. (2-11) and solve for T, , which turns out to be
aAp/2. Differentiation and substitution of these results verifies both forms of
the differential equation, (2-12) and (2-13).

In summary, in the equilibrium configuration,

T = alAp 2R+asiné
, = f

2 R+asing
T, 280

2. Deformed Toroid With u=0, v=0 and w=w(6)

Stress and strain equations will be derived, by two independent methods,
for a toroidal membrane with a displacement w which is a function of & only.

The first method simply involves substitution into the equations given in
Ref. 7 for stress and strain in orthogonal curvilinear coordinates:

- i (_"f.L.) 1 9g.~.- Wy .
€™ 2o, \Tgu) " 2gu 5 Ten e
R S ....a__(_'.f_c.)+ L2 [ i i=1,2,3
0% ity [g“ 205 \ [zl B o (Jeu') j= 12,3
it §

where: €y = strains
o¢; are the three coordinates
w; are the displacements in the &; directions

,/g' 3 t."". are the metric coefficients
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In this case

(Radial, in the direction of a and

O, =¢, X,=6, X4 ’“_P w from the tube axis)

l"l= «w, =O, u5=w(9)

E =a+w=p, Jg,, = R+ (arwsing, gy =1

Substitution of the ¢,; into the strain equations yields

€. =W_ = w_ ., = w_sing ~ sing =
Yoaew a o €2 R+G@+w)singd Rv{\';si“‘f > 653“0
= . dw/dg dw/d€@ = = = =
€= €3 = R+ (a+w)sing = R+asing > €u=€u=€s=6,=0

The stress-strain relations are

Ev@© E )
%u = (1 +V)N{1-2Y) + 1+9 €u
= —E_ i=1,2,3 .
G =T+ Sy j= 1,23 i¥ g
where: Ojj = stress
E = Young's modulus, v = Poisson's ratio
® =€,+ €, + 653
These yield:
@= W , wsing _ w R+ 2a sing
a R+asing a R+ asing
o, = Ev ©® + Ew

T (1+)(1-29) | 3+

= EVO® + E w sing
22 (142 Y)(L-29) L1+ R+asiné

\ o = _EVO
3B (Le+VN(1-2D)

Shear strains and stresses are neglected for a membrane.

The strain-displacement relations can be derived in a somewhat more
satisfying way directly from geometry.
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Consider the curve on the equilibrium toroid formed by ¢ = const. This
curve is a circle about the Z axis at z=acos ¢ with radius r= R + a sin ¢

One surface containing this curve and the tube axis (z =0, r = R) is a cone with
its apex on the Z axis:

& @

Fig. 2-11. Cone Based on Element of Toroid

The apex half-angle of the cone is ¢ ; the base widthis R+ asin¢ . The
slant height of the cone is then A, = (R+asiné )/siné (¢ # 0).
The advantage of drawing this cone is that the radial displacement w at
the angle # is in a direction along one of the elements of the cone. Thus the length
of the perturbed surface at the angle # can be computed by inspecting the cone.

Fig. 2-12

Displacement Shown
on Surface of Cone

./o=/o°+w=5_rﬂ£

Sing T W

X =f’ singpcosd = (R + asind + wsing ) cosd
y =ﬁsin¢sin9 = (R+ asind + wsing ) sin@
2= Pcos¢p = Rcotd + (arw)cosé

Since ¢ is considered constant,

dx = ~ (R+asind + wsingd)sin8dé@ + dw sinpcosé

dy = (R+ asindg + wsing) cos @dO + dwsing cos &

dz = dw cos¢

ds2= dx? + dyz-\- dz®* = [R+ (a+w)sin¢]zd92+ dw’
26



If w=0,

ds?® « (R+ a sing)?* do? or ds = (R+asind )d& = ds,

If w 1is small, the binomial theorem gives

1 Law/do 1% as J
2 Rr(a+rwsing = 9%

ds & [R + (a+ w) 5in¢]d9 +
The strain is, by definition

€ _ ds,-ds, __ wsiné +_1_ Ldw/de 1?
22 & ds, R+ asing 2 R+ (a+w)sing

With w and dw/dé small,

w sin
€,y & LW.5in2
R+ a singé

€. is easily calculated by comparing the circumferences of circles of
radii a and a+w. The difference, 2 ww , divided by the original value,
2ma , gives €, = “Wa. The strains are related to stresses as before. For
a complete description, we must add in the equilibrium strains of section 1.
Recalling that T; = o, h ete.,

T . 20p 2R + asing EVh® E h
' 2 Rtasng T (Lrd(1-29) T 1+9 a

wW

T = aAp+ EYhO® E __whsiné
2 2 T ({aY(1-2D) T 1+D R+asind

where @ = w(R+ 2a sind)
a (R+ a sing)

Again, these can be converted to the nonconcentric form if necessary.

E. Solution of Laplace Equations in Toroidal Coordinates

The fluid velocity potentials appear in at least three places in the system
equations (2-1) to (2-8). First, the velocity potential appears explicitly in the
Laplace equations ¢ =0 and v*V =o. Second, the pressure difference
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Ap is evaluated using the linearized Euler equation
2V
P=r ~f 3¢
where V represents velocity potential and f fluid density. Using the sub-

scripts i and e to represent fluid properties inside and outside the membrane
respectively, we can evaluate Ap= pj - pe from

0% oV
P = Pio —F 3¢ and Pe = Peo = fe 5z

Then, with D p, = Pio = Peo

we have A p = AP"'fi'%‘f— +f¢ if

Third, the boundary conditions to be satisfied by the fluid flow can be given in
terms of the velocity potential as:

=

=-v¥-z Qv

=0; véi-um "l
/MM MM

/A My

v¥-u,

n

There is also an implicit boundary condition, that the velocity potential at the
tube axis be finite:

$ finite

r=0

A solution to the Laplace equation exists in the nonconcentric coordinates
introduced in section B2. According to Ref. 5, no solution is known in the con~
centric coordinates defined in section B1.

In the nonconcentric coordinates, solutions to W 2 @ =0 are of the
form (Ref. 5)

§(/u.,'l, e, t) = /cosh/u - cosq' cos m(6-6,) °°$ﬂ(’l-'Zn)

XCA,.. P:_i (eosh u) + B, Q':"‘i (eosh 1) 1 £(8) (2-15)

m,n =0,1,2,...
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Here f is an arbitrary functionof ¢t ; Amn’ an, 6 m and 47 n are
arbitrary constants; and Pn"_'_ s and Q':_ X are associated Legendre poly-
nomials, of the first and second kind respectively, of half integral order and
integral degree.
Any linear combination of the functions ® of Eq. (2-15) will satisfy
the Laplace equation. If possible, we would like to find values of the four free
constants such that ® satisfies the kinematic and dynamic boundary conditions.
The kinematic boundary conditions involve the derivative of € in the
M direction. The derivative normal to the membrane, V'} . ZZ,,, is, including
the system metric (Ref. 5),

coshu —cosy 0P
d o

B, = VE U, = (2-16)

\v4
We find _aa_% = sinh m cos m (6-6,,) cosn (L -7,)

Lg 4]
-

1
X {Z-Jcosh/u,—ccsz' [Amv\ P""Ii + anQ ]

»l-

+ Jcosh/u - L06 'ZT [Amn P::“% + an Q:\"-‘ ‘;‘_ ]} F(t) (2—17)

where P' and Q' are the derivatives of the polynomials with respect to their
arguments,

It quickly becomes clear that a function of the type in Eq. (2-17) cannot,
in general, satisfy a boundary condition such as

vd-u, =0

Vit )
For instance, we might try to set Eq. (2-17) equal to zero by requiring
the term in each square bracket to be zero:
wm ™
Amr\ Pn--'{ +an Qn—k =0
and, simultaneously,
[, ] s, m
Amn Pn--k + an Q"‘"k =0
However, unless the determinant
P Q
A

which in general is not true, there is no solution except A, =B

= 0

3

mn = 0
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If we try to make the entire term in curly brackets equal zero, we find
that the dependence on # , in the square roots, does not permit the selection
of A, and an as constants. We then conclude that there is no non-trivial
solutionk to vo- a",«:,u: 0 if @ is constituted as in Eq. (2-15).

This situation is not unprecedented (Ref. 2). We must express each
eigenfunction as an infinite sum of the fundamental solutions defined by Eq. (2-15).
The coefficients of the terms of the sum are selected to satisfy the kinematic and
dynamic boundary conditions. The amount of numerical work needed to carry
through an approximate solution, and to develop the specific mode shapes, is
enormous.

Before attempting a solution of this type, we should remind ourselves
that the validity of the results obtained depends directly on the justifiability of
the assumptions made in the analysis. These assumptions have yet to be verified
experimentally. |

An alternative to this extensive numerical effort would be to introduce
simplifying assumptions which would allow us to obtain results without an
excessive amount of computation. These results could then be checked against
experiments, and the assumptions verified or modified as necessary. In this way
we could gain some mathematical insight into the problem—natural frequencies,
mode shapes, important parameters, etc.-— without undue effort.

This second approach was chosen. In the two succeeding chapters,
approximate equations of motion are derived and their solutions developed and
compared with experiments.
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A.

IlI. MOENS-KORTEWEG TYPE APPROXIMATION

Fluid-Filled Cylinder Model of Membranous Canal
The first attempt at simplifying the problem was to adapt the Moens-

Korteweg equation for straight cylinders to toroids. The derivation of the
classical Moens-Korteweg equation follows.

Fig. 3-1. Straight Circular Cylinder

Let the fluid's density be P and its pressure p; the wall is isotropic

with elastic properties E and ) , thickness h, and equilibrium radius a.
The fluid displacement in the x direction is u ; the wall displacement in the
R directionis w. (r=a+Ww).

1)

(2)

)

4)

()

(6)

(7
)

These assumptions are made:
The velocity du/5¢ and pressure depend only on the axial coordinate x ,
i.e. are constant across a cross-section.
Motion is axisymmetric, i.e. the wall moves in the radial direction only,
its displacement is a function only of x, and there is no torsional motion of
the wall or fluid.
Wall density is zero.
The shell has no bending rigidity; shear is neglected.
Pressure fluctuations are much greater than radius fluctuations, so
rdp >> pdr ; and wavelengths are large, so 2"WAx <« 1 .
The contained fluid is incompressible and inviscid and, in equilibrium, at
rest.
All perturbations are small, so that the equations can be linearized.
The cylinder is initially unstressed in the x-direction.

The derivation proceeds by utilizing Newton's Law, Hooke's Law, and

the continuity equation for the system.
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)

p(x) —> j «— p(x-t-dx)

Fig. 3-2. Momentum Equation

Force in x direction= wr?(x)p(x) ~ nr*(x+dx) p(x+dx)
=nrtp - w(r+ %—:-I(d;bz(p+ 35% dx) & - ﬂEZP"%'-;-(dx-l- r"%% dx]
By assumption (5), this becomes ‘
- nrt g—g— dx

The mass of the element of fluid is 'rrr"f dx ;its acceleration is 9“%/3¢*

" a—E dx = rJ dx ot®
QE 9% -
o 3-1
r = = _f T3 (3-1)

Equilibrium for a half-cylindrical section requires

r Fig. 3-3
Equilibrium of
e Lt No a Half Section
) ‘\ P ,’ 4

2rep=2.0h (0 = stress in shell wall)

Hooke's Law gives 0" =€E so
- —-—
r‘p“hGE ¢ = 2nr - 2na r-a W

2ma = a = "a

d(rp) = rdp + pdr & rdp =« hEdE = hE de

EY
Then, differentiating with respect to time,
op hE or hE 9w

9t ™ a? 9t T at 3¢
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The continuity equation relates the inflow of mass to the change in
volume. Since the fluid is incompressible, the volume inflow of fluid between
X and (x+ dx) must equal the change in contained volume of that section
of the cylinder.

Inflow at (x) = * 2w gt
ow at (x) ule S d

' x+dx) = - ar gz (2w w_
Outflow at (x +dx) = - w(r+ 5 dx)* (57 + 535z 9% d¢

= du - r ou 2 3w
"""'"zat d¢ [2m~ g—; 3¢ T ur am]dxdf

The term containing ory dx is neglected because of assumption (5). The net

2
change in fluid volume is then - wr? ( 2 z:aé). This must equal the change in
contained volume

or 2 27 = ar
dx['n(r+§—t—dt) nr*] = 24qr $¢ dxdt

The continuity equation is then

2 e 28 = g2 Q% u
ot BFPEY
or
or _ 9w _ r 3w
ot ot = 2 9xoft
to first order,
dw _ _ a 9%« (3-3)
ot 2 9xot

Eliminating aw/gt between Eqs. (3-2) and (3-3)

op hE 2%
3¢ ~ 7 Za oxot (3-4)

Differentiating Eq. (3-4) with respect to t and Eq. (3-1) with respect to x,
and substituting Eq. (3-4) into Eq. (3-1):

a% _ hE 22 -
56T = 2pa 3% 3-9)

This is a wave equation, p,, = ¢®*p.x, S0 pressure fluctuations are propagated

with speed
’ RE

c=J2pa (3-6)
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B. Fluid-Filled Torus Model of Membranous Canal
The Moens-Korteweg derivation is now to be extended to a torus. The

assumptions are:

Fig. 3-4
Elastic Toroidal Shell

(1) The tube, of equilibrium radius a and thickness h , is bent so its axis
becomes a circle of radius b .

(2) The tube contains incompressible, inviscid fluid; the tube itself is massless
and has no shear rigidity. |

(3) Fluid pressure and velocity are zero at equilibrium.

(4) The tube wall and the fluid are permitted to move in three directions: radially
in the z = 0 plane; radially toward and away from the tube axis ina € = const
plane; and along the tube axis in the & direction. There is no torsional
motion or motion of the tube axis out of plane.

(5) Motions are small so that linearization of the equations is possible.

Notation:
Fluid displacement in € direction
Fluid density

<

Elastic properties of wall

Tension in wall in & direction

Wall displacement in € direction

Wall displacement in radial direction (change of tube radius)
Displacement of tube axis in R direction

Bending moment about axis normal to z = 0 plane

HEBvgE W HENY R

Area moment of inertia of tube about this axis

The derivation proceeds similarly to the cylindrical case, but is somewhat
more complex because of the changed geometry.

Continuity Equation:
Consider a small element of fluid which originally subtends an angle d e .
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Fig. 3-5 Fig. 3-6
Continuity Equation Radial Equilibrium

Original length = bdé@

d
Change in length = -—t: g(b+ 7) a“’ dé = -b—%z- g‘; de

Original volume = wa“bdé

Final volume = 'n'(a+w)z[g bt;’ g; dé + (b+ {.’)d@]

Z w(a%+ 2aw)(b+ ;)[l"‘%_‘g-]

Change in volume = ﬂadB[anb +a*f 4+ a° : Qu ]

For continuity of an incompressible fluid, this volume change must be zero:

3 2b -
F+36+ S w=0 ¢
Newton's Laws:

(a) Radial: Fluid and Tube

F = ma requires (in cylindrical coordinates):

wa®b dép [‘%%;;‘ - b (%"%‘)z]= -5d6 + pdéara®

or, to first order
narlbp 2 -5l = -5 (3-8)

Since S is neglected and p does not appear if the tube is straight,
we would then have & = 0. Thus the curvature of the tube presents

the possibility of a new mode of motion involving flexure.
(b) Axial: Fluid Only
= ) 19 )
watv a0 (555 v 2 55 (1 55) J-- [ S5 a6 ]
or, to first order,

bp Ser = - 55 (3-9)



Shear Equation:

M (\S::::::::::Z;T M Fig. 3-7
Shear and Moment
Since the fluid is inviscid, and since the shear rigidity of the shell is to

be neglected, we require aM/aa = 0. This assumes no rotatory inertia of
the fluid.

Hooke's Law:

Og
C%
w+a
(054 - T
[ 4 o ¢ P e
Fig., 3-8. Stress Balance

Fig. 3-9. Stress-Strain

We consider the two~dimensional stress-strain equations of an element
of the tube:

OJ¢ = L—%T!' [64. +'))6,] 4 O‘; =T_E',D"‘{ [G,-l")G‘]

€p= % ; €52 -g-[%—g-'e f] (averaged over ¢ )

From geomeftry,

o, = 575;]; i 2(a+w)lp=204h

ap
h
So
a E w D28 3-1
- Eg 2+ 238
s E 128  Dw ;
2nah ~ 1~ D*? [b 20 * T3 (3-10b)
Beam Equation for Toroidal Tube:

We write the classical equation for the bending of a beam in the form

M _ v
ET =K~ K

where K, is the curvature for zero bending moment and K is the curvature

corresponding to M. The "beam'" being considered is the tube, and the curve
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whose curvature is to be measured is the tube axis. With no displacement, its
radius is b, so
Ke = %
Extending the results of Ref. (1), for the wall of a cylinder, to the axis
of a torus: |

k=4 - L(r+ $t

SO ™M
ET =~ b‘(;‘*‘ aef-)

The area moment of inertia of the tube, about the fransverse axis, is one-half

the polar moment:

rs
I=%§ridA = -%.-( ath.ad¢ = wa’h

o

so
™M i 9* L _
5hE = 3 (F+ 5o G-
We now have the seven equations
T+ 3%, 2, _ o0 (3-12)
0% & - - -
wra*(bp 3¢ —P)= S (3-13)
9%« _ _ 2 3-14
bf Set = - 36 G149
aaM =0 (3-15)
E _ [w 2 9E 2 3-16
1-9 [a *'bv o6 J= T\a (3-16)
128 Dw 3-17
1~-V* L 26 * ] 2_1rah ( )
™M 1 ¢ -
mone =~ (0 % (5-1%)
in the seven unknowns u, w, f , P, S, M, E



Before proceeding with the solution, let us consider the special case
b—— o= , which represents a straight tube. As b—>oe, d&—> 0 but bd&
remains finite and will be denoted by dx.

We also must decide what to do about the radial force equation (3-13)
and the radial motion ?; . For a straight tube the R direction is indetermin-
ate, and we might consider constraining the tube axis so it cannot move 4t all.
This will be done here, by dropping equation (3-13) and setting § = O , but the
consequences of allowing such motion will be examined later. We have six
equations:

|4 1 dw 2 . du 2w 3-19
vt taW T Y T © ©-19)
(3-13) is dropped; (3-14) becomes
2w 1dp . ap -2
.P—a{,a“bae"'-ax (6-20)

(3-15) is unchanged; (3-16) gives
E R 3-21
1—v’(1:'+”37)=%1p' ©=

(3-17) becomes

E 2B  VYw s (3-22
1- 22\ ax T a) 2mah )

(3-15) is simply M= 0.
For a massless tube, a5."’/ 9x = 0 ; if there is no initial stretch, S=0.
(3-22) is then

(3-19), (3-20), (3-21), and (3-23) are four equationsin u, ¥, p, w. The
equations are easily reduced to:

*u _ Eh 2%«
.P €% T 23 9x*%
a wave equation with 2= Eh/ 2a f If Eq. (3-13) and ' had been retained,
the result would have been ¢2= EW/ [Pa(2-2)]-
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The solution of the set (3-12) to (3-18) proceeds as follows:
w is eliminated by substituting (3-12), in the form

we-% (% + 35)

into (3-16) and (3-17).

wor 5 (v+3%) - T 3]

E__[L2E _» )] -5
1-9% Lb 28 ~ 2b (17 + aa) = Znah
p and S as given by these two are substituted into (3-13) and (3-14):

hE 2y Y 32‘5 -9
l’f ‘ = 7 aci- v%) zb(ae ¥ ae’ * b 967 (8-24)

-‘—
LY
)

wa [bf’ ot = ”a<1b§'-)§'3.15(z" i&>+%'aa_§;?]
Ju

--2ghELlaE_ 2 (r.35)]

This last becomes

vop BE 4 25k - 2)re 22+ (2-2)(38) 0 o

Egs. (3-15) and (3-18) give:

)
55 + ——aas =0 (3-26)

~

(3-24), (3-25), and (3-26) are the final three equations in u, € ,and § . We
assume solutions of the form

«w(8,¢) = A exp Li L2 (bo-ct)]
C(6,t) = B exp Ez (bo -ct)l
B(0,¢) = C exp[i%2 (b8 —ct)]

where frequency <« and wave speed c¢ are parameters. Differentiating
and substituting,
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bﬁ wz__ll £ w?b h E P w?b hE iw w
1'1) i?- a L_‘))z c! a l"i)t 2¢ N
El=0
_hE (4L iw hE iw hE /1L r
1-"1)2 ( 2 —v)( c )] 1_2’1 (1)—2)‘;" abfwz"m(—z—_»)
o 0 { - w?b?
2

The determinant of the coefficients must be zero for a nontrivial solution

to exist. This gives

25 11~ 58) 000+ 48] - 0

1-p* c*
Solutions are: w=0
c=bw (Dispersive)
2_ ___hE __ (Nondispersive)

c =fa(2.-7))

Precise mode shapes can easily be worked out if needed, but it should
suffice to point out that the mode shapes of the dispersive waves resemble a
wave on a thin circular rod. The second is a breathing mode resembling the
Moens-Korteweg motion in a straight tube, with a wave speed differing by a
factor of (2 -~ D ) due to the extra degree of freedom.

C. Cylindrical Model of Membranous and Bony Canals
Next we derive the equations for a flexible cylinder of equilibrium

radius a inside a rigid cylinder of radius 2 . The fluid inside the flexible
cylinder has density fi , pressure p; , and displacement «; ; properties
of the fluid between the two cylinders are denoted by subscript e .
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Fig. 3-10. Elastic Cylinder Inside Rigid Cylinder

For the inner fluid, we have, from section A ,

o2p, _ A% ;
a—;h = - P S

dw _ _a 2%u;
at 2 Jx?

and the shell equation (Hooke's Law) is unchanged except that the pressure
is replaced by the pressure difference

py—ped _ hE 9w
ot = Taf 3¢

The momentum equation for the outer fluid is easily shown to be analogous
to that for the inner fluid:

) 2%,
5u- = Fe 525

Finally we need the continuity equation for the outer fluid.
The volume inflow at x in time dt is

dVy = w12 - r2(x)18%e d¢

= n[lY2-(arw)?] aue de¢
and the outflow at x + dx is

dVv, = n[P? —rz(x-&-dx)](g“’ +§)—:§'; dx)dé

rix+dx) = r(x) + % dx = a+w + %{-" dx

S0 dV, = w[?2* —(a+w+gwdx)][3u‘+§g’:d ]dé
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To first order, the net inflow dVy -dV, is

2
dV = -w(*-a%) gxg'é"dxd'(:
The change in the volume enclosed between the two cylinders is
dV = dxLw(d*- (rv 22 d¢)*) - n(F2-r2)]
=dx Lm(?2-(as+w+ Qa—\g dt)* ) = w(2?*-(a+w)*]
= 'leX(Zag—;—” dt)
Continuity requires the two expressions for dV to be equal:

dw *-a* 9*u.
at = 23 Jxodt

We now have five equations in the five unknowns Y, Ugs Py, Py W
Using simple algebra, we can reduce the system to the single equation

9%(p, - pe) PE- Y -1 92(p; - p.)
_.(_.E.s_z_iﬁs_,_hE “[Jo‘.,.._/o‘ ] *(p:-p

a 3x*

This has the form of a wave equation p,, = c? P » With

hE 2"*2-3*
c? = a% 2a _ hE P2 _ a2
B .2 2a pPea-+ pi(2*-a%)
e+J°.' F

The effects of 2/a and P/, on ¢ are easily shown (Fig. 3-11).
For ¥/a—> oo , ¢? is the same as if the rigid wall did not exist; as #/a—> 1,
c— 0. If fe = O , the rigid wall obviously has no effect; as f’ ~—>eoe, c—>0 .

3'/a = const.

L) . x ‘p
A /a ¢y = speed without rigid wall e~/j2

Fig. 3-11. Behavior of Wave Speed With X/a and fe
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To study the simultaneous variation of 2/a and Sfe » We rewrite

c? =

_%_E_. 1

P Pe . o
CIRG
Se

If m = k, we have
1
c2- __hE
2a(p; + k)
eompé.redwith
2 _ hE
T 2ap

for no rigid wall.

D. Toroidal Model of Membranous and Bony Canals

Fig. 3-12. Elastic Toroid Inside Rigid Toroid

Finally we derive a Moens-Korteweg type equation for a toroidal shell
inside a rigid toroidal wall. In equilibrium the axes of the two tubes coincide;
the elastic tube has radius a, the rigidtube 2' . The subscripts i and e
are now used to indicate internal and external quantities, such as u, f’ , and p.
Other notation is unchanged.

The first major modification to the equations of motion is the continuity
of the external fluid. As in deriving the equation of continuity of the internal
fluid, let dé& represent the angle originally subtended by an element of
external fluid, and dé&® the angle after displacement. The original volume
is m(2?*-a*)bdo : the final volume is 1 »*bd@% — w(a+w)*(b+ F) dO*.
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Fig. 3~-13
Continuity Equation

To first order the final volume is

{wa*b + w 2* %%‘ ~ 1 (a%b + a? g——'é-“ +a*%T + 2abw)l1de

Setting the initial and final volumes equal,

2b 7 2~ az d Ue
P w- T 3 =0
The second major change involves the radial force equation. In addition
to the force required to accelerate the mass of internal fluid, force must be
applied to displace the external fluid. This "apparent mass' effect is estimated
using two-dimensional ideal fluid mechanics.

Fig. 3-14

Derivation of
Potential Equation

Let ¢ be the velocity potential of the external fluid. Consider the inner
tube and fluid to be a solid body of radius a (a +w can be used but the results
will be the same to first order). The inner tube is to be displaced by an amount
T inthe R direction. Angles from this direction are givenby oc .

We wish to solve the Laplace equation

2 1 2%¢ 1 9( 2%
Vié = r* dx® * ¢ a.»("‘ ar‘) =0
Subject to the boundary conditions
.A 4 §—-¢ .‘ — —a;‘;. = ar
vé u,.T araﬂﬂo and v “"a‘ara"é?wsoc
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Assume ¢(R,q) = R(r) A(®). The solution of the Laplace equation is then
known to be

R = Cyy P + Cio r P p = integer

A = Cg; sinpr + Cyy cos pt= Cy sin p(a - o)

Then
%% = AR = A(C, prp_‘ - Cp,pr ™Y
$ = C, sinplax~o,) (P + 2P ~P)
g% = C, sin p(o{-oc,) P(rp-'— y2rp-P7l)
o¢ p-1 2p _-p-! 0
5‘;_‘1 = Cz sin P(O(—Ofo) p(a -2%a ) = % cos o
which requires o, = -90°, p=1 (and C, such that magnitudes are correct).
Then
9%
¢=———a—.;_z—- cos o€ (l"+ ll"f) a.‘.kéY
L-£

This can be checked by differentiation.
The pressure in the external fluid caused by this motion is calculated
from the linearized Euler equation

2

¢ 9*¢F 1+ =t
P= Po~Pe3g| = ~LSejgz |- greosX
32

R/\ -

N

Fig. 3-15. Pressure Integration
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The pressure in the R direction on an element of surface is

L 3

Pa = -Pcosx = o %—; %%;rcoszo(
al

The total force in the R direction on an element d& is

X=2n
Fea =§ Padl-bdo = bd@f P, adox
o

=0

'rra/oe aff 3—"'—1— bde

The complete radial force equation adds this term to the previous (true mass)

term, with the driving force now due to S and (p; - pg):

wat[(pi-pa) - blp v o0 FEin) ] - S
Note that if P, = /5, and 2'"—»oe , the inertia term has doubled (apparent
mass = 1).

Newton's Law in the € direction now involves two equations:

19p % u,;
v36 = ~SieEE
) a2
%3‘5‘ = "/Oe'a?i‘ée

Hooke's Law in the ¢ direction now involves p; - Pg:

alp, —pg) _ [ L2 _g_]
h 1-97 1) b 36
The shear and moment equations and the 6 component of Hooke's Law
are unchanged. We then have two additional equations, continuity and axial force
for the external fluid, and two additional variables, u, and P - Listing all nine
equations,

ou; 2b
ti-'é—g‘ +—a—w=0 (3-27)
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P B - IS g -0 @-29

1% p B

L 2_5, - - P g::‘re (3-30)

mat [Pi'Pe"b(ft' ""Jae g"’:ta:" %ZF =S (3-31)
et iy 23]
aa_m_ - 0 (3-34)

.- (r . 3E (3-35)

We reduce the system algebraically to four equations in the four unknowns

Pi» Pe: w, and r

(3 - 3B)-o
2(pimpe(i-F)= BB (p ., o Zore)Sf
R R
SRR TR
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Next we substitute the exponential form

x = x, exp L %(be -ct) ]

where x = P;» Pg» W, OT T , into these four equations.

2x :
¢, = -~ WX
9x _ zewb
= ¢ %
Rewriting the four equations in matrix form gives
[ , . 3
o - lw tw>b
@) O be + o3
43
20-3  -2a-D -E o T(pap L
—.L wzrz O -Z‘.bwz - wz
bf: [+ a
4 2r*-a*w*b*  _2b 2
O b.f. a"' [ _; wz -

We find
-\"‘i-1
)w Pe -0
w
¥

The frequency equation, obtained by setting the determinant of the

coefficients equal to zero, is
iwf i bw?®*\ w* g?‘-aa b? E

e Vb c? ¢ a? fe acba'.
sz(l [3‘2- a* ]
-5 —— + =0
= #]}
Thus
w=0
[+
w= =
and
2 Eh 2? -

€ % AW2-») _Peat + p, (F=-a?)
are the roots (Fig. 3-16). Surprisingly, as 2*— oo

2 . ___E_h.___
¢ T a@-np
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independent of /Oe , the same results as previously, when there was no exterior
fluid. Mathematically, this arises in the following way: the apparent mass term,
which might be expected to reduce the wave speed, is in the fourth term of the
second row in the matrix above. When the determinant is expanded on the first
row, the first three terms being zero, only the minor of the fourth term appears.
This minor, of course, involves no terms from the fourth column except that in
the first row. Thus the apparent mass term does not appear in the'frequency
equation. It will, however, affect the mode shapes.

It might also be noted that, as V- 1, the apparent mass term
approaches infinity, and the wave speed approaches zero; we have an incom-
pressible fluid in a rigid container.

c Cc = const X

= cons+t.

Fig. 3-16
Dispersion Curve for Moens-Korteweg Approximation
for a Toroid
Mode shapes are determined from Eq. (3-36). For instance, we can
eliminate the second row and transpose the third column:

o 0 S o
¢ ¢ - 2b w? |1
Pe{ ~ a w
_l_w"b" O _wz t 1
bpe, <*
L ¥-at bR —-w?
bPe a° c?
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The determinant of the 3 X 3 matrix is

22— a® w?b?

(& - =) =)o,

c?

)

which is zero when <« = c¢/b ; so the inversion of' this matrix is valid only

on the nondispersive curve c = const, away from the intersection of the two

modes (see Fig. 3-16). We find
- . . -
= bp; orpr o}
. 3 2.3 tow
Pl | (& -=hl ) ° ..
Pe | ® 2 2 2 1 Y W w
w \ - —a __°¢_|
el |Gy ° VTR L
< i
1 0 0
= (&-=9 |
— 2 —
bR St
2 2
= -bAe r?’- a* ;—%’?: —2_3‘2 whw
| 0
: 2
or f:O, p‘==3§'i c‘w, Pe = ‘—z"aﬁe'?"ié__—a‘t c®w
From @b 73 + 2 .0 we find Tu; = 2e |,
c a aw
. 2b . _ X*-a® iwb, . ., .2 _ar ¢
and similarly W 31 C “e O gives 1w, Vo W
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An analogous method can be used to find the mode shapes for the linearly

dispersive mode.

We eliminate the first row from Eq. (3-36) and transpose the last

column:
& v -3
_h-(l 2) h(l- 2)
1 w?b®
Ve 0
o ___1_ T"— az w"b"
bl a* cf

Pi

The determinant of the 3 x 3 matrix is zero at

2 _ _Eh

)

2

T (2-D)a Peat + Py (% -a?)

E G,

[ 22000 0 L0

w?* L

At other values, substituting c=bew ,

aswellasat w =0 and ¢ = oo .

, 2b o' ¥*-2  2b,, Dy E k‘ -8 _2b afy D ﬁab et
Pe . a bfp a* (1 > ’bf’ h“ {t Z) (joz ey ‘)
Pel = @ ¢
w _2w? 2b 20, 9 2bfy P\ 2 _E_

yo,_' -‘-_-\—to (1 -i-) —h-(1 -2-:)(0 + '?fa' 1
i - a7 i {1 )?‘-a" a® __‘_)_)_) 1
L_b’fg_fi a? |n\3f’e a® hb/; 2 1L |
2P 2y ¥ 2% 2 E_ y-a"
hjoc( 2/ et * +yo(1 2/ "t p s
and iw, = - —%— bw

. 2 Lt
tue = S W




E. Cylindrical Model of Membranous and Elastic Bony Canals

To give some idea of the effects of a bony canal which is not perfectly
rigid, the analysis of section C is repeated with the outer wall being elastic.

E; and E, are the moduli of elasticity of the inner and outer walls
respectively; h; and hz are their thicknesses; v is the displacement of

the outer wall in the radial direction. Otherwise the notation is unchanged from
section C. We can retain the equations

2 2% u,
o = S S
dw _ _ a3 9%y
9t ~ = 2 dxof
9(p; = pe) _ hE 9w
Moo - b3
%Ee = "./oe. .‘.z

The continuity equation for the outer fluid is derived by setting the
difference between inflow and outflow equal to the change in confained volume:

Inflow = = [(P+v)*-(a+w)? ]_3_5_; dé
Outflow = n [(¥+ v + gl’- dx)z~(a+w+ dx) ]

x [ Se *'—‘:xae‘ dx ] gt

Linearizing and subtracting,

dV = —n(r“—az)s——&g» dx d¢
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The change in contained volume is
dV=dxln(¥+v+ gi—’ de)® - w(a+ w+%—‘gd€)2] - dx[nw (Fev)2-w(asrw)?]
~ av aw
= 211(3‘3;- - a 37 ) dxdt
so our sixth equation is

20r§F - a3 = - (r2-at)ise

Elimination of Py Per Vs and w leaves

3 2 2 2

n E, 9% Q%u; %
-t = P gt +PeSErt

Substituting the exponential forms,

_p_ 3
- zh:g‘z (-wPue) + a*(~w?c®u;) = - (¥*-a%)-w?c*ue)

- -hz—‘g-\- (~co®cu;) = — P, (mew?u;) + Pel(-wu,)

which can be written as a single equation in U,

3
[‘ 2h EX + (7 az)c-z] [_ %‘E"“z *‘J°"]7-17' w + Zruy=0 35D
2 =2 [

or s e X ,
Zﬂﬂg__hzgt ct - 2&},151 hzlal +ﬁ(xz.__a )4_}0.:2 c*a %%(xz_aa):o
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(3-38)

Thus there are two modes, corresponding very roughly, if thz >>hyE,,
to the wave speeds in the inner and outer shells separately.

F. Conclusions From Moens-Korteweg Type Analysis

The Moens-Korteweg analysis of toroidal tubes results in two modes of
motion, one linearly dispersive and one nondispersive.

Some simple experiments were run, using a water-filled bicycle inner
tube, either resting on a table, resting on a foam-rubber pad, or immersed in
water. Pressure transducers were placed inside the tube and pressure waves
were generated by various means. It was shown that Fig. 3-16 does not fully
describe the dispersion of waves in a fluid-filled toroidal shell.

Thus the full Laplace equation treatment is too complicated to be
conveniently solved, and the Moens-Korteweg method is too simple to provide
useful results. It was hoped that a third approach would satisfy both requirements.
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IV. REFINED ENGINEERING ANALYSIS

The third approach is similar to that leading to the Moens-Korteweg
equation. However, it is based on less restrictive assumptions regarding the
behavior of the shell. The effects of shell mass are included, but the constraints
on the motion are as before (Fig. 4-1). Shear stresses in the tube are
considered in the analysis, although the rotatory inertia is still neglected.

These changes result in a third mode of the motion appearing, and in significant

changes in the dispersion curves ( ¢ vs. w ) for the first two modes.

A. Toroidal Model of Membranous Canal

1. Derivation of Basic Equations

Fig. 4-1. Elastic Toroidal Shell

An elastic shell in the shape of a torus has ring radius b, tube radius a,
and thickness h . The tube axis is a circle in the z = 0 plane with its center at
the origin. The shell material has density S, , modulus of elasticity E, and
Poisson's ratio D . It is filled with incompressible, inviscid fluid of density /% .
In a cross-section of the tube at any angle & , a point is located by its distance r
from the tube axis and angle ¢ (see Fig. 4-1). We assume b>>a>> h.

The displacement of the centroid of the cross-section is given by & in the
@ direction and ¥ inthe R direction. Displacement inthe z direction is
considered to be zero. Fluid displacement in the § direction is up; this is con-
sidered to be constant across the cross-section. The fluid is assumed to move
with the shell in the R direction.

55



Distortion of the cross-section from a circle of radius a is indicated
by displacements u, v, and w of a point on the surface. u is in the &
direction, v inthe ¢ direction, w inthe r direction. For this analysis
we assume axisymmetry: u and w are considered to vary with & only (thus
u= ¥ at any point) and v is assumed to be zero.

The stresses in the shell are o¢”;; inthe ¢ direction and 091 in
the @ direction. These are composed of the stresses which exist at the equi-
librium configuration ( 019 and OTg;) and the stresses due to the perturbations
(01 and G9).

The strains due to perturbations, i.e. strains minus equilibrium values,
are

“w=
e‘__%_g§+r+wan¢+ 96

b+ a sing (#-1)

€ = W (4-2)

These values are then averaged at a cross-section by integrating
over ¢

€= 1(55+7) -3

€= X (4-4)

The stresses in the shell are also averaged over ¢ , and the averaged
values of stress and strain are related by

o, = '—r,f.p (€4 + VE,) (4-5)
o -—1-_557 (€, + DEY) (4-6)

Using these averaged stresses, we compute equilibrium of half a cross-
section of the shell:
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Fig. 4-2 Fig., 4-3
Equilibrium in the ¢ Equilibrium in the &
Direction Direction
oy, +2h = p,2a (4-7)

Here ©'q; and p; represent the total stress and transmural pressure.
Subtracting off the equilibrium values ( 0"y, « 2h = pg + 23), we find

2o,h = 2ps or o, =ap/h (4-8)

07 and p represent the deviations from equilibrium due to w, € s Z’ , up, ete.
Similarly, we compute equilibrium in the & direction for half the torus.
With 0791 the total stress in the @ direction averaged over ¢ ,

21razp‘ = 2(2wah) og,, (4-9)

Subtracting off the equilibrium values,

2wa*p, = 2(27ah) oy, (4-10)

we find

3P

2wa%p = 4aah 5h

A3\

or o, = (4-11)

The change in curvature of the tube axis due to its deflection §° is

AK =~ ‘t‘f( g;{ + ;‘) (4-12)



Assuming that plane sections remain plane, the bending moment needed to
accomplish this is

M=EIAK (4-13)

The area moment of inertia of a cross-section of shell is

= Z(a* - (a-h)*) = wah (4-14)

SO

3 2
M- Enath( 28, ) (+-15)

Neglecting the effects of rotatory inertia, the shear Q in the z = 0 plane is

Q- L1, qua’h (%‘;32 + ae) (4-16)

We now write Newton's Law for the shell-fluid system

(1) Fluid and shell in & direction:

| X
Q a+ %
Fig. 4-4
\ —g / |
e Equilibrium in &
oz — 40— A and ¥ Directions
L 2@

bd& - (Zwahf‘-l-‘n'a_/.i‘:) Y = 69 dG-—(21rahc’2-'rra P)de
or

2
(Znaiyos-i— nazﬁF )b %zg = g—g-— 2waho; + 'rra"p (4-17)

(2) Shell only in € direction:

Q \ /\ ,Q Fig. 4-5
,( N 3 Shell Equilibrium
oz /\ %+*369¢ in & Direction
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2wahp, bdo L = 2mah (2 do) + Qa6

or

2
o;
Z'rrahjosb%—f-g- = 2w ah gg" +Q (4-18)
(3) Fluid only in € direction:
Fig. 4-6
0 @{’f 2599 Tiuid Equilibrium
A in & Direction
Q%u dp
b e dé’é‘,zf = - 35 db
S0
Q*ue _ _ 2p -
“fr 3e2 < T 36 (+-19)

Finally we write the continuity equation for the fluid in the tube. In equilibrium,

a segment of tube of arc length d& has volume

VO = 'n‘azbda

After deformations ¥ and w its volume becomes (note that € motion has

no effect on the volume in dé& )

V, =1m(a+w)*(b+7)do = m(a’b + 2awb +a2 ) de

This change in volume must be accompanied by a net inflow of fluid of volume
Vl - VO .

V,-V, = wa*u . (8) - ma*u_ (6+d6)

- na? %—%‘da = (2awb+a* 7 )de

or

A N (4-20)*

* Note that this derivation follows the procedure of observing the volume of fluid
which flows into a fixed d@ . The derivation in Chapter III observes the change
in subiended angle d& of a fixed volume of fluid.
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We combine (4-3), (4-4), (4-5), (4-6), (4-8), and (4~11) to get the two
equations

et 333 )]
or = 38 = e (L (S5 + F)+ 2] (4-22)

We substitute these equations and the shear equation (4-16) into the three
equations of motion (4-17, (4-18), and (4-19):

. 2 4
(Zwahjos +1ra/7=)b %;‘; = _E'nrba3 ( 99;:_1_ _a__E_

oen e (£ 4 £ 38022) s van B3 - 2(70 38 ] oo

a6 26" a2 3
3 3
e (3 3)
hE [Law (3 I*E
bpe e - - n L L. 2(3E. 552 ] (4-25)

These three, together with the continuity equation

2b Su -
F+r E2w s S8 -0 (4-26)

are four linear, homogeneous partial differential equations for ¥, ®§ , w,
and up as functions of @ and t. (Notethat u does not appear; therefore
the subscript on up can be dropped without ambiguity. )
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As in Chapter III, solutions of exponential form are assumed:

r— -1 d —

i (LA - wt)
e

i

& £ o N

O O ©® P

= - b -

where L = 2ab, A is wavelength, and co is frequency. (Here the equations
will be interms of w and A insteadof w and c¢ .) Substituting into (4-23)
to (4-26) gi

o ( ) gives ;‘°+3—b-w+ ZLu—O

a A
' Ewxal 4 ’hE
[comanp, map ) bet s Exa2h(( ) _Q) LThE 2w ]
wa®hE il =
* e(1- u)“)( M= A 0
Ewa’h LY 2wah E L
73 ((A) —;)--———-'"a " Dz-—:]r [2173%!360
2mah E ([ L\* E i
T 1—17‘("7?) ]E - 2rhd =5 "7'(‘” o
;hE DL h E (L) .h E L. _ 2
R o i as) B Sy - bAetu-0

m
log

. 2 —_— —_—
IntI'Odu01ng Cp =ﬁ$(1-‘v= s W= '—"C‘P— 3 f = /OF/OS >

and rewriting the above equations in matrix form we have:

! 0 2 —Lﬁ— i ;’_
-2+ P B r (2-D) i g ~
. (2-9) = 2p-1 o) =0
-0 - o] A bw
3 [fu |
a-@ur-m] fanw] s o
2- b —
_ Y 2)(%) - ﬁ%w:

(4-27)
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These equations can be solved for characteristic frequencies, wave-
lengths, and wave speeds, as well as for mode shapes. The parameters
appearing are /3 , Y, h/a, and a/b; the variables are @ and L/a (in
additionto ¥ , B, w, and u). Dimensionless wave speed € = %/c, is
easily seen to be 5/( /) .

To reduce the number of parameters which appear in a numerical solution,
we make the biologically realistic and justifiable approximations /-5 =1 and
Y = 1/2. A =1 means that the density of the fluid and tube material are the
same; VYV = 1/2 means that the tube material is incompressible.

1 0 2 & e
-(2+1.-") {8
L =0
3 [_ 7\)2] %’T 0 0 %w
373

sW-a)a kel & o T
| 3k CHONE S

(4-28)

The frequency equation is obtained by observing that, for a nontrivial
solution to exist, the determinant of the coefficients must be zero. After some

manipulation, the determinant is reduced to:

—(?.+ a) +3- 3L
2 2 2 = O
-3 -s) %—:R%) -1]-%-&- w2 (i) -3l
0 -+&) cean iy

(4-29)
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This polynomial is third order in ¢ 2 and fourth order in (L/ A )2 )
so the most convenient method of solution is to assume a value of L/ A , work
out the coefficients of the polynomial in <« 2, and solve (numerically) for the
three roots. € is calculated from & and L/a .

- Mode shapes are found, for each of the three values of & 2 at each
(L/ A), by using Egs. (4-28). We can drop one of the four equations — say the

last — and solve for three of the variables & , &, w, u interms of the fourth.
For example:

o 22 L[] [ -1 ]
3 0 of|w| -l errmt-aa-6r]-2 |7
e BN § % B R 1 [ ) P
(4-30)

3
Inverting the 3 X 3 matrix, we find its determinant is %_—(LT) -:— R
which is normally not zero, so the form |: §
w ——s

7

(4-31)

is generally valid for determining mode shapes. & and L/A must, of course,
satisfy Eq. (4-29).

Before discussing specific results of the above work, it will be worthwhile
to examine some general properties of the equations.

One point of interest would be cutoff frequencies (frequencies at which
wave speeds become infinite). From equation (4-28), if L/A =0 (infinite
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wavelength), it is easily seen that the frequency equation becomes

[—(2‘4— @t %]gﬁ‘i &*=0
which has the solutions

©?%= 0,0, —2%%7;-

The non-zero solution yields € = 2] /(L/ A ) infinite, so this is a
cutoff frequency.

Some properties of the mode shapes can be found from Eq. (4~31). We
know that the 3 x 3 matrik is nonsingular — its inverse is in Eq. (4-30) — so the
vector [ i %, w , iu] can be zero only if the right-hand side is zero. Since the
first element of the right-hand side is ‘consta.nt, the vector can be zero only if
the multiplier, £, is zero. Thus, if & remains finite, the other three variables
cannot all be zero.

Further, no element of the vector [i&, w, iu] can be infinite unless at
least one of the elements on the right-hand side of Eq.(4-31) is infinite. This
clearly cannot happen unless L/ A 1is zero or infinite.

Finally it should be noted that L/A =1 can be seen to be an important
transition point in both Egs.(4-29) and (4-31). Physically, this represents a
wavelength equal to the circumference of the tube. If we are considering a closed
tube, wavelengths larger than this need not be considered. In fact, only
L/A = integer can exist (see section B3). However, if the tube is less than a
full circle, or if it is a helix or spiral so more than a full circle can exist, other
values of L/ A are permitted.

2. Dispersion Curves and Mode Shapes
Eq. (4-29) is solved numerically, for fixed values of the parameters a/b
and h/a , by assuming successive values for (L/A ) and solving the resulting
third-order polynomial in &0 2. A plot of € vs. & is more useful than
L/A vs.& ,s0 € =% /(L/ A ) is computed.
Plots of the dispersion curves (T vs. @ ) (Figs. 4-7 to 4-14) are
included for:

a/b h/a
.02 .02
.02 .1
.1 .02
.1 .1
.05 .06
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The three modes are named after the types of motion they represent.

The high-speed mode is asymptoticto T=1 (c=c¢ the speed of a stress

)>
wave in the wall material. The mode is referred topas extensional (E).

The two lower-speed modes appear to cross each other; however, very
detailed and careful investigation of this region shows that the two curves do not
intersect. There is a saddle point in the region of closest approach, but there
is no double root of Eq. (4-29). The mode shapes, as will be shown in the next
section, change rapidly in this region.

To the left of the saddle point, the higher-speed of the two modes
represents a breathing motion; to the right it is a flexural motion of the tube in
the z =0 plane. This mode is referred to as breathing-flexure (B-F). The
lowest-speed mode has these two types of motion in reverse order and is referred
to as flexure-breathing (F-B).

The speed of the breathing portion of these two modes is seen to be
almost independent of a/b if, as assumed, a/b << 1. The classical Moens-
Korteweg wave for a straight tube (a/b = 0) gives e? = Eh/2_/°a ; normalizing
with o2 = E/P(1-v2) we find

-2
c

= (1-D%)E 0.375 % or z = 613 /0
2a a

for h/a=.02 and .1, we find € = .0867 and .194 respectively. These are
seen to be very close to the breathing modes on the dispersion curves.

The presence of a cutoff frequency in the extensional mode has already
been mentioned. The breathing mode appears to increase in speed continuously
as L/A—> 0 , but numerical difficulties have prevented precise determination.
The flexural mode has the most unexpected behavior. This mode has < =€ =0
at L/A =1 (rigid body motion), and assumes the indicated parabolic shape for
L/A >1. For L/A <1 (which can exist for a spiral or helical tube), it traces
a very small half-open curve and then returns to @ = 0 at finite, though small,
€ . It has not been possible to ascribe any physical significance to this portion
of the curve; it may be that any flexural motion at such wavelengths would be too
small to be seen, and the curve is merely a mathematical oddity of the frequency
equation (Fig. 4-14).

Mode shapes are obtained for ¥ = 1 by assuming given values for
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h/a and a/b and substituting a solution of Eq. (4-29), L/A and @ , into
Eg. (4-31). For each value of L/A there are three solutions & ; the
values (i B, w, iu) produced by Eq. (4-31) represent the shape of the mode,

If i€>0, Bleads 7 by9°; if i8 <0, 8 lags & , and
similarly for fu. w is in phase or 180° out of phase with ¥ depending as
w>0 or w<0, ;’ , of course, is an arbitrary reference oscillation with
frequency & . The relative amplitudesof 8 , w, and u to ;" are given
by |i8l, |wl, and Jiu] .

From the plots of the mode shapes, we can see that, in the flexure
region of both low-speed modes, % dominates the other quantities (Figs. 4-15
to 4-18). Thus the motion consists primarily of oscillation of the tube axis in
the z =0 plane about its equilibrium location.

The breathing motion is different at low and high frequencies. At high
frequencies, w and u are dominant, % is secondary, and ¥ is insig-
nificant. This type of motion would normally be considered a breathing mode
(Fig. 4-15). At moderately low frequencies, u islarge, w and E are
smaller, and ¥ is smallest but noticeable. At very low frequencies (L/A <1),
the analysis predicts peculiar behavior for both breathing and flexure modes.
(Figs. 4-15 and 4-17.)

The transition between breathing and flexure near the saddle point
along any one mode is quite rapid. This means that, for experimental measure-
ment of mode shapes at frequencies near the saddle point, the input sine wave
must be very precise. However, it also means that the range of frequencies
which are not clearly either breathing or flexure is very small.

The extensional mode is dominated throughout by & , which is
orders of magnitude larger than any other component. The mode thus consists
mainly of a stress wave in the elastic shell, propagating at its natural
velocity, Cp -
The straight-line mode shapes seem to be, approximately,

iu=-(333+6N e

(actually the h/a coefficient varies from 5.2 to 6. 8)

-0.9
i€=10(8) ==
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B. Toroidal Model of Membranous and Bony Canals

1. Derivation of Basic Equations

7

Fig. 4-19. Elastic Toroidal Shell Inside Rigid Wall

We next extend the derivation of section A to the case where the
elastic shell is enclosed within a rigid wall of tube radius ¥ . The
pressure, density, and displacement of the fluids are denoted by p, P and
u , with subscripts i for inside the shell and e for between the shell and
the wall. Most of the equations from section A can be carried over; the
changes are:

In the elastic equations (4-7) through (4-11) the pressure p must be
replaced by the pressure difference p; - p,.

Inthe ¥ force equation (4-17) p must be replaced by pj - pPe »
and the apparent mass term of Chapter III (D) must be included. The equation
becomes

ot F 9% 2t+a?
b(2mah g +ma® p.) 37 + bwa® o Set 7:_::

= 2@
a6

- 2mah o, + ﬂaz(p‘-- Pe’

Two new equations are needed for the two new unknowns u, and p,.
They are continuity and momentum equations for the outer fluid. The momentum
equation is the same as for the interior fluid:

i9p _ %ue
b 906 ~fe ot ?
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The continuity equatio_n requires the inflow of fluid to be equal to
the change in contained volume:

Fig. 4-20. Continuity Equation

Fluid volume inflow = -1 [ #*- (a+w)?] %%9 dé

Original contained volume = ™ (¥*-2a*)b dé
Final contained volume = 1 ¥*b dé - w (a+w)* (b+ )dé

Ex¥*bdO -1(a%b+ 2awb+a? F)d&
AV = -nw(2awb+3*f)de
Continuity requires

2awb + a*P = (1%~ a%- 2aw)%‘-;-= Z (22-a2) Qe

or

2 .2
;’+2w%— L—a;a Oue =0

o0&

The equations to be considered are then
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= _g_% - 2maho, + wa® (p; - P

b (Zﬂa%-\— wa’Q + wath 2;;"_' aa:) g:{
)

2qra\'y°b-§-g1' = 2mah 35 +Q

Q
ll
crl“i
o |r-
Blem
+
%
\_/

Q=

|
!
m
ﬂ
ﬂ!
ol
J"
——
Jf.
(7]
——

Combining (4-34) and (4-35), and differentiating and substituting (4-38),

b[ﬁ gé‘ f)aﬂ] = - &1 [‘Lae"-'s‘

Substituting (4-38), (4-39), and (4—40) into (4-36),

or¢

(4-32)

(4-33)

(4-34)

(4-35)

(4-36)

(4-37)

(4-38)

(4-39)

(4-40)

Cl _Ewa’h
b [2“% vwalf v walp, 7: aff 3 (

2meh S (E4 L 28, %w)+ 125% (3 2(r+ 28]

77

)



Substituting (4-39) and (4-40) into (4-37),

e+ 3 55)- Ersh (55 85

2nahfb GoF - 2wah (B (L35, LT3

The exponential form x = x, exp (1i(L/A) 8 -icw t) is substituted

into the five remaining equations, yielding

2 2 h € _2ViL. h E /L. h E_1¢L
bl bR S Y R E- ity S+ S =0

R i Gl =

+'trah""""tE_v'ZL7'\L:%(2‘9)E+1;_a_h-))ez%(zv-l)w"o
[E'nazh( ()+i-——) Z«ah ‘L];‘
( Zﬂal'ﬂbco +2'nah————,_-(-x) -—)ﬁ Zwlh—v%%wgo
E

The parameters cP = 2, 1-)%)> w = bco/cp,f=f/ﬁs s
and f = ./Je/ ﬁ are substituted.

: L 2
1-i-u¢+;‘+ 7—abw-0

L Y*-a?
<
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-wt[25 B P ] - NS [(H- (5] s
fhe-»ik g, .2%(29—1)w-0
[P a5 k) - 2] 7

[2 h =2, ZH()JE ZhazL))wao

u; and ug, are removed by substituting the first two equations into
the last three:

o) vr-22p ()] r- s 28 08

o[ S5 25 (et

{m e pted Fmsk)]e o [9)*- ()] e-»ir

;%(2—?)i%g+%—%(2?‘1)w=0 (4-42)

e R R 3 F o [ R

2h/a .
- ___a,: , -‘;—‘Dw =0 (4-43)
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To obtain specific results, we consider the case V = 1/2, _F =f=1.

2 qu

(Note 1+ ;—E_ £ = jr. & -) Rewriting in matrix form,
h (L) _re S h (L) _h/a (L), 2 e ¥
_-Z_a(l) +a51(3“-a 22.3(7\\) a/b('k) -71-923 **-a r
El=0
h 2 h
-@* [2_+ B“z-a"]"' %; w
2 (] e 3hit 0
3 (a\(h\/L L 2a A
3BT 1)
3(aVh /L) 2h L 2h[/L\2 .2 h/a
_z(?) ?7[(3‘) - 1] +Sx ! [(‘a‘) - ‘U] 276 1 @ese
The frequency equation is obtained by setting the determinant of the
coefficients equal to zero. After some manipulation,
— 2a __ ¥ |. 3
—co2[2+ 7 a‘]"'?
SEele-g P °
4\b/ \ A A
;(g_)‘_\:[(g)‘_ 1],,21-. 2(4)*- 2 L -0
4\v/ AU 2A A A
JAMLY 23 e O _(_L_)‘
O 2(?\) h 9 yPi-a A
(4-45)
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This equation, as before, is solved numerically. Values of L/A are

— 2

assumed and the solutions &b are found. © = o /(L/A ) is computed.

Again, there are generally three solutions € for each IL/A or & .
Thus there are three linearly independent modes of motion.

A cutoff frequency exists in this case also; this time it is at

3
5 /2

) 2+ﬁ7rﬁ‘z

h -a

Mode shapes are calculated as previously:

- F’]

| w

_ ar _
ihi o |27 - 3R - - 38
Ly? 2 2 2 ;’

-3 e nl|| RN -tk

and, from the original equations,

_Etamw

tuy = L/A

R 2
. — _tu;3a
theg= ye - g2

Note that the expressions for mode shapes again remain finite as long
as A is finite,
2. Dispersion Curves and Mode Shapes

The parameter ¥ /a enters the equations for the case described in
section B1, Its effects on wave speed are seen to be small for moderate ) /a .
The speed of the breathing wave is lowered slightly (but is drastically lowered
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for ¥/a—1 )§ the speed of the flexure wave is lowered somewhat more,

thus having the effect of moving the saddle point to a higher frequency. The

extensional wave speed does not appear to change significantly (Figs. 4~21 to 4-24).
The mode shape curves also retain their general behavior, but small

changes in slopes, peak values, and peak frequencies can be observed. It might

be noted that, in the breathing part of the F-B mode, while i &, w, and iu;

i
all increase rapidly, the ratios w/i% and especially iu;/i€ remain nearly

constant (Figs. 4-25 to 4-27).

This indicates that the high-frequency breathing motion is characterized
by nearly-constant amplitudes of &, w, and u; , but rapidly decreasing f .

The dispersion curves and mode shapes were run out to very high fre-
quencies to determine whether the speed of the flexural mode continued to increase,
and, if so, whether it intersected the extensional mode. It was found (Fig. 4-28)
that the flexural and extensional modes "intersect" in exactly the same way as the
breathing and flexure modes do at lower frequency: there is no crossover, but
there is a saddle point, and near it the mode shapes along the dispersion curves
change very rapidly. If we trace the three dispersion curves, one is flexural at
low frequencies and breathing elsewhere; the second is breathing at low, flexural
at intermediate, and extensional at high frequencies; the third is extensional at
low and intermediate, and flexural at high frequencies. )

As frequency increases toward the "intersection" of the extensional and
flexural modes, the magnitude of ¥ in the extensional mode drops off from its
straight line increase and reaches the very low value of a breathing mode. The
flexural mode includes a rapid increase in the other variables with respect to F ,
notably a tremendous increase in & . There are reversals of sign with respect
to }‘ in the two modes, just as at the lower frequency "intersection' (Fig. 4-29).

3. TFree Vibration of the Simple Closed Toroid

The dispersion curves and mode shapes have been considered, up to now,
as continuous spectra, valid for all frequencies. While this is the proper interpre-
tation for the general case of a torus of indeterminate or infinite length, the special
case of the simple closed torus should be considered.

This situation imposes the condition that all properties must be periodic
in @ with a period of 2« . We must then restrict the wavelengths of all motions
to be integral fractions of L = 2 wb. That is, we now have a discrete spectrum
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of wavelengths A =1L
Ag = L/2
A3 = L/3

etc.. For each mode, we then have a corresponding sequence of permissible
frequencies:

Mode I ©w 1(1) , @ 2(1) , @ 3(1) s e e s
Mode II 2y 1(2) , CO 2(2) s QO 3(2) ’

where the superscript represents the mode number and the subscript equals the
subscript on the corresponding wavelength.
In the scheme of computation used here, A is the independent value

in the numerical solution, and the required frequencies and mode shapes are
determined simply by using A n= L/n as inputs. If the curves were generated
by other methods, we note that constant values of A correspond to straight
lines through the origin on the dispersion curves:

1

L/

SO

A = const © => 'C'=00Ln8t-’&3

The constant corresponding to the desired A n 1is inserted and the
line is drawn. The intersection of this line with the jth mode's dispersion curve
occurs at @ n(j) . From the mode shape curve for the jth mode at this frequency,
the quantities i &, 0), wy(), and iupy() are read.

We then apply the theorems of Fourier series to the system to find the
coefficients associated with each wavelength A _ .

i(Le/A ~wt)

The notation x = x, e used in Chapters III and IV is
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an abbreviation for one term of the full series

i z(\_e/xj-cost) A -i(LE8/2A) —co;¢)

4 + aJe

;(LO/A; +co,t) -i(L8/A v cot
+ bjet( Ty B i« *eot) ]

where é‘.j is the complex conjugate of aj . The form is equivalent to the
classical solution of the wave equation

oo
X = ;Eii ¢'.os(,59--c..7j~é)-i-.l:-v\i sin(j& - coj¢)

+ T cos (j@+w;t) + d; sin(j6+ o) ]

since L/A j = L/(L/j) = j . The notation can be made more compact:

x = '%gl@ [ocje PO t)y e (jOres?)]

where < j = - cw _j and
3, -ib; , j>O g, -id;, j>0
oy = §j+iEJ,j<0 ) ﬁ3= EJ+1,3J,J‘<O
o , j=0 o ,j=0

Using this form, we express the variables ;‘ , B, w, and u as

oo 3 . .9_ '(K) . 9 (K)
;(9,¢)=%§_wz‘[aﬁez(1 wj t) o i(jfrey )]

ix ©

L 3 ) i (§60 —co; ") (€1 ¢)
zE(e}&)s%g‘.“ éi(i E): [a‘iket(] @W; +bJ'K 1-.1 “’50 ]

5 3 6-c; Mt (6 + «;*¢)
wE,e)e kS 5w [aye VTR (O]

j:—o’ Kel -i

oo 3 (6 - (mé . .9+w_(k)é
iu(e,f)piz:_'z‘:” g‘-‘(z’uf“’)(ajxe‘(’ w; )+ et(j ] )]

JK
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where aj and by are complex, (iE)j(k), wi(K), and (iu)j(k) are real,
@i E)_j(k) = (i8);® ete.

The 2k and bjx are determined by applying appropriate initial
conditions to the variables and their rates. The presence of the three modes
in the solution indicates that three linearly independent types of motion can exist
simultaneously at each permitted wavelength 7\]- , each with its own frequency

w j(k), k=1,2,3. Thus the initial conditions must specify values for three
(independent) variables and their rates at t=0. Let

(6,0) = £,(6) 9£ (.0 . 4 (6)
w (6,0) = £,(8) dw(6,0) _ o (8)
i B(6,0)=f,(8) : a.%(g@) = g4(8)

The series expansions for the variables are solved for the coefficients
by the conventional method of multiplying by conjugate exponentials, integrating
over O , and using the orthogonality relations. We find:

an nié 2% 2
So F,(e)e dé o f(O)cos ne d@ + i o £.(6) sin ne do

3 3
= KZS‘ W (ank+ bpg) = “Zﬂ [Re(a,‘k«— b )+ i Lelan,+ b"k)]
2n

. 2n 2%
ni@
(O)e : dé = (8) cos nOdO + ,(9) sin n@ dé
0 8 o 8 o 8

3 3
wr .
= g: [__ iw:mank . iwnm b“k] = «E “’nk [1 Re(-ank-n- b“k){- I"\(anu" bnk)]
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Similar equations are found for f,, 89> f3, and g3 - Then, for
each value of n, we have six equations involving the real and imaginary parts

of anys bnl’ an2, bnz’ apg, and bpg , by making use of the relations
between a_.and a ., w.(® and o (B, ete.
nj -nj n -n

C. Related Experimental Work

Experiments conducted by Mr. William C. Van Buskirk, of Stanford's
Biomechanics Laboratory, have confirmed the existence of the three modes of
motion described above, and have verified the general shape of the dispersion
curves (Ref. 9). His work will be reported completely in a subsequent dissertation
but it might be appropriate to present some preliminary results at this time.

Fig. 4-30 shows the experimental apparatus used. A water-filled
bicycle inner tube is softly suspended within half of a plastic toroidal shell.
Additional water-filled tubes are attached to the end of the primary tube to absorb
reflections. Pressure within the tube is controlled by varying the level of water
in the inlet tubes. Waves are generated by applying the illustrated vibrator to the
end or side of the tube, or by oscillating a plastic clamp, which fits around
the tube at one cross-section, in the axial or radial direction (€ or R direction
in Fig. 2-2). Two ‘measurement systems were used: shown in the figure are
pressure transducers which are inserted into the tube; also used were electro-
optical trackers which measure the displacement of the tube surface. In both
cases, the wave speed was computed from the phase difference between the
sinusoids recorded at two points.

Fig. 4-31 compares the experimental dispersion data with the theory
of section A (no rigid wall)., The relative nondispersiveness of two modes, and
the normal dispersiveness of the third, are confirmed. The accuracy of 10 to
20% in the moderately low frequency range of the breathing and flexure modes is
all that should be expected in view of the approximations in the analysis.
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V. CONCLUSION

As was mentioned in the Introduction, this work represents only a
first step in studying the semicircular canals. Before a quantitative under-
standing of the behavior of the canals can be achieved, we will have to go far
beyond this approximate study of free vibrations of a single, isolated elastic
toroid inside a rigid channel. It would also be desirable to have experimental
confirmation of the increasing accuracy of the successive approximate models,
as well as precise measurements of the mechanical behavior of the organ itself.

Of course, the present work may lead to results in other areas besides
the one directly intended. For example, a study of the behavior of the aortic
arch would proceed by refining the current analysis to consider nonlinear pulse
propagation, nonisotropic and pressure-varying elastic properties, and the
effects of the surrounding elastic tissues. Here again, experimental models
and in vivo measurements are necessary for a complete study.

We can conclude, on the basis of the agreement between the theory of
Chapter IV and the relevant experiments, that the decision to use simplified
equations of motion, rather than numerical solution of the potential flow equa-
tions of Chapter II, has been amply justified. The approximate theory developed
here should help to provide an understanding of the mechanical behavior of fluid-
filled toroidal shells.
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